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Improved prime numbers search methods

Abstract

Tato publikacia sa venuje vylepSenej metdde hladania prvocCisiel postavenej na malej
Fermatovej vete, filtrovaniu pseudoprvocisiel. V publikacii najdete suvislosti tzv. Specialnych
prvodisiel, do tejto skupiny spadaju aj Mersennove prvocisla. Publikacia nadvazuje priamo
na ¢lanky referencia (1),(2),(3),(4),(5).

/This publication deals with an improved method of finding primes based on the small
Fermat theorem, filtering pseudoprimes. In the publications you will find the context of the
so-called special prime numbers, this group also includes Mersenne prime numbers. The
publication follows directly on the articles reference (1), (2), (3),(4),(5).
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Mala Fermatova veta / Fermat's little theorem
citation source (6):

Fermat's little theorem states that if p is a prime number, then for any integer a, the number &

— a is an integer multiple of p. In the notation of modular arithmetic, this is expressed as

p—1

a =a (modp) (1.0)
or

=1 (mod p) (1.1)
example:

a=2,p=17

2" =1 (mod17)

2% mod 17 = 1

Redukovana mala Fermatova veta / Reduced
small Fermat's theorem

Malu Fermatovu vetu je mozné upravit na rovnicu: / Fermat's small theorem can be modified
into the equation:

p—1

a’® =+ 1 (modp) (1.2)

V literature sa tato rovnica objavuje ako Eulerovo kritérium vid. (1.3). /In the literature, this
equation appears as Euler's criterion, see. (1.3).

p—1

(5)=a® (modp) (13)

p
Dékaz / proof:

Rovnicu (1.0) m6Zzeme zapisat aj ako rovnicu: / Equation (1.0) can also be written as an
equation:

(apzl+ 1) (apzl— 1) =0 (modp) (1.4)
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Z rovnice jasne plynie, Ze ak ma byt vysledok 0 (kongruencia), potom musi platit: / It is clear
from the equation that if the result is to be 0 (congruence), then:

p=1 p=1

a’ =+1 or a’® == 1 (modp) (1.5)

Poznamka:
V rovnici (1.2) sa zvySok -1 chape ako zvySok (p -1). / In equation (1.2), residue -1 is
understood as residue (p -1).

Pseudoprvocisla / Pseudorimes

Mala Fermatova veta nie je 100% nastroj na urCenie prvocisla. Rovnica (1.1) vyhovuje aj
pseudoprvocislam. / Fermat's small theorem is not a 100% tool for determining a prime
number. Equation (1.1) also satisfies pseudoprime numbers.

example:
p=341a =2

22" mod 341 = 1

341 is not a prime.

(1]

Existuju aj silné pseudoprvodisla, ktoré vyhovuju rovnici (1.1) aj (1.2) pre rézne zaklady “a”.
/There are also strong pseudoprime numbers that satisfy equations (1.1) and (1.2) for

different bases "a".

example:
p=8911a=4

42" mod 8911 = 1

8910

4 * mod 8911

I
—_

Periody Cisiel, prvocCisiel / Periods of numbers,
prime numbers

V modularnej aritmetike maju vSetky Cisla aj prvocCisla svoje periédy, vid. obr. €. 1./ 1In
modular arithmetic, all numbers and primes have their periods, see. fig. no. 1.



https://en.wikipedia.org/wiki/Pseudoprime

Improved prime numbers search methods

a=2, y=a*x mod p
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Fig. no.1. Chart function y = a" mod p, periods of numbers -T

Na obr. €.1 vidime opakujucu sa sekvenciu zvyskov. Tato vlastnost’ sa da vyuzit. / In FIG.
No. 1 we see a repeating sequence of residues. This feature can be used.

Prvocisla zvykna mat dlhSie periody - T ako zlozené €isla. / Prime numbers tend to have
longer periods - T, than composite numbers.

Najdlhsia peridéda - TMAX prvocisiel je: / The longest period - TMAX prime numbers is:

T, . =p—1 (2.0)

V zmysle peridd prvocisiel - T nasledne plati: / In terms of periods of prime numbers - T, the
following applies:

a =1 (mod p) (2.1)

Tato vlastnost periédy prvocisiel sa da efektivne vyuzit pre algoritmus na preverenie
prvocisla. / This feature of the period of primes can be effectively used for the algorithm for
verifying primes.
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Specialne prvogdisla / Special prime numbers

A)

Majme prvocislo p, ktoré vyhovuje rovnici (3.0): / Let us have a prime number p that
satisfies equation (3.0):

p=2+1 keN, N=(123.} (3.0)

potom takéto prvocCislo ma periédu T: / then such a prime number has a period T:

T =2k; for:a=2; a =1 (mod p) (3.1)
example:

17=2"+1,T=2-4=38

2° mod 17 = 1

Potom ak je splnena rovnica (3.2), €islo p je prvocislo, resp. pseudoprvodislo: / Then,
if equation (3.2) is satisfied, the number p is a prime number, or pseudoprime
number:

for: a = 2; Fermat's little theorem
if (p — 1)modT = 0, thenp is prime or pseudoprime (3.2)

or

for: a = 2; reduced Fermat's little theorem

if (p — 1)/2 modT = 0, thenp is prime or pseudoprime (3.3)
Majme prvocislo p, ktoré vyhovuje rovnici (3.2): / Let us have a prime number p that
satisfies equation (3.2):

Takéto prvocislo sa vola Mersennovo prvocislo. / Such a prime number is called a
Mersenne prime number.

p=2"—1 keN N=(123.) (3.4)
potom takéto prvocislo ma periédu T: / then such a prime number has a period T:

T =k for:.a=2; d =1 (mod p)

example (1):

131071 =2 = 1; T = 17
2" mod17 = 1
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(131071 — 1) mod 17 =0

xample (2) - big Mersenne prime:

p =293 _ 1. 7 = 82589933

282 589933 mod (282 589933 _ 1) -1

2%°% _ 1) mod 82589933 = 0

Preverenie kandidatov na Mersennove prvocisla je velmi jednoduché postacuje
preverit, Ci je peridda T celoCiselnym nasobkom p — 1, alebo (p — 1)/2./ Verifying
candidates for Mersenne primes is very simple, it is enough to verify whether period
T is an integer multiple of p — 1 or (p — 1)/2.

Pre Mersennove prvocisla platia rovnice (3.2) a (3.3) / Equations (3.2) and (3.3)
apply to Mersenne primes.

Pre Mersennove prvocisla, zaklad a=2 v zmysle malej Fermatovej vety existuje
pomerne dost pseudoprvodisiel. Preto je nutné preverit rovnicu (1.0) alebo (1.2) pre
iné zaklady, napr. a=3,4,5..

/For Mersenne prime numbers, the base a = 2 in the sense of Fermat's small
theorem there are quite a few pseudoprime numbers. Therefore it is necessary to
check equation (1.0) or (1.2) for other bases, a = 3,4,5 ..

Z numerickych testov sa pre Mersennove prvocisla objavila takato zavislost: /From
numerical tests, the following dependence appeared for Mersenne primes:

Robopol theorem:

n_n

for: p = 2" — 1, only k € prime can "p" be a Mersenne prime (3.5)
Dékaz/ proof:

Dostaneme tak, Ze len pre prvocisla je splnena rovnica (1.2),(3.2),(3.3). /We get that
equation (1.2), (3.2),(3.3) is satisfied only for primes.

VSeobecné prvodisla / General prime numbers

Kazdé prvocislo mbézeme zapisat ako : / Each prime number can be written:

p=2S+1 ks €N N=(1,23.) (3.6)

Rovnako ako pre Specialne prvocisla aj pre vSeobecné prvocisla plati rovnica (3.2) /
Equations (3.2) apply to special prime numbers as well as general prime numbers.

[P

nech “s” z rovnice (3.6) je: /let "s" from equation (3.6) be:
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s=S§SS...S, §,S,S
1 n

253 Sy SyS € prime (3.7)

potom peridda T je z mnoziny: / then period T is from the set:

J J Jj Jj J J k
T € {s,ss,SS,SS5,5SS,;2s..2s,2ss,2ss,2ss,25SS.;25S5.S 3.8
1 172 ! ! ’ 1 n 172 173 273 17273 17273 ( )

13 23 123
e k)< k

Perioda T je z mnoziny vSetkych kombinacii 2j,sl, S, Sy S . / Period T is from the set of all

S .

combinations 2’,s ,s_, s ..
1" 23 n

(7]

Ak pre p plati rovnica (3.2), potom je “p” prvoc€islo alebo pseudoprvodislo. / If equation (3.2)

holds for “p”, then “p” is a prime number or a pseudoprime number.

example (1):

p=997=2"-3-83 +1

T =283 =332

2% mod 997 = 1

(p —1)modT =0, (997 — 1) mod 332 = 0

xample (2):
p=337=2"-3-7+1
T=3-7=21

2" mod 337 = 1
(p —1)modT =0, (337 — 1) mod 21 =0

Miller - Rabin test / Miller-Rabin primality test

citation source (8):

The Miller—Rabin primality test or Rabin—Miller primality test is a probabilistic primality test:
an algorithm which determines whether a given number is likely to be prime, similar to the
Fermat primality test and the Solovay—Strassen primality test.

The property is the following. For a given odd integer p > 2, let’s write n as 2°d + 1 where s
and d are positive integers and d is odd. Let’s consider an integer a, called a base, such that
0 < a < p.Then, p is said to be a strong probable prime to base a if one of these
congruence relations holds:

at=1 (mod p);

a°“=— 1 (modp); forsome0 <r <s (3.9)
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Robopol test prvolisiel / Robopol prime test

Robopol theorem:

p—1

If a® =— 1 mod (p); then pis strong probably prime (4.0)

Tento teorém je velmi podobny Miller - Rabin testu. Vychadza z numerickych testov, kde pre
zlozené Cisla sa neobjavuje polovi¢na periéda v zmysle rovnice (4.1):

/ This theorem is very similar to the Miller- Rabin test. It is based on numerical tests where
half of the period in the sense of equation (4.1) does not appear for compound numbers:

p—1

period Tl/2 =(p — 1)/2; for: aTmodp =p-—-1 (4.1)

Filtracia pseudoprvodisiel sa da u€inné urobit ako kombinacia klasického algoritmu a
algoritmu postaveného na rovnici (4.1). / The filtering of pseudo-prime numbers can be done
efficiently as a combination of the classical algorithm and the algorithm based on equation
4.1).

Dalej sa odporuga vyskusat vypodet pre viacero zékladov a=2,3,4,5... / Itis also
recommended to try the calculation for several bases a=2,3,4,5...

Pre eliminaciu vypoctu velkych mocnin v rovnici (1.0), (1.2) sa vyuZiva (4.2): / To eliminate
the calculation of large powers in equation (1.0), (1.2) the following is used:

a modp =k
2x 2
a modp =k modp (4.2)
example:
2'°% 110d 15485863 = 696244
229 110d 15485863 = 696244° mod 15485863 = 1738047
2*°% 10d 15485863 = 1738047° mod 15485863 = 11050525
2% mod 15485863 = 11050525 mod 15485863 = 4886002

[T L]

To umozriuje vypocitat velmi rychlo obrovské mocniny modulo “p”. / This allows you to

calculate huge powers modulo “p” very quickly.
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Python 3.9.5 (tags/v3.9.5:0a7dcbkd, May 3 2021, 17:27:52) [MSC v.1928 64 bit (AM
D64)] on win32

Type "help", "copyright", "credits" or "license()" for more information.

>>>

==== RESTART: C:\Users\robop\source\repos\Prime numbers py\prime numbers.py ====
S SRSt EE e E s e e e e e e e e e e e e e e e e e e

* & &

Prime number test:

This program uses a classical algorithm (for numbers < 10718) and

improved finding of prime numbers using a small Fermat theorem.

If it gets the statement: prime or pseudoprime, then it is a probability

result, with pseudoprimes having a low probability.

Pseudoprimes are false primes. For a better result changes the basis a = 3,4,5,7

To end the program, press 0 and the enter.
e e e b S e e e e e e e e e e

*Ek*
Enter the number:
2305843009213693951
Enter the basis a:
3
walit
remainder is: 2305843009213693950
Number is strong probably prime.
It is also recommended to try the calculation for several bases a = 2,3,4,5..
Enter the number:

Fig. no.2. - Console program for verifying prime numbers

Program - test prime numbers

Program (in Python) test prime numbers:
reference (9)
Download file in GitHub: prime_numbers.py

10


https://github.com/robopol/prime_numbers/blob/main/prime_numbers.py
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Hladanie Specialnych prvodisiel / Search for
special prime numbers

A) Mersenne primes:

Pre Mersennove prvocisla plati Euclid—Euler theorem / The Euclid — Euler theorem
applies to Mersenne primes.

citation source(10):

The Euclid—Euler theorem is a theorem in number theory that relates perfect
numbers to Mersenne primes. It states that an even number is perfect if and only if it
has the form

r = Zk_l(Zk — 1), where 2k — 1 is a Mersenne prime, r - is a perfect number.

(5.0)
o(r)= G(Zk_l(Zk - 1)) =r (5.1)
sum of divisors function o is multiplicative.
each number can be decomposed, prime decomposition:
n = ]'[p]l:i; n= p]: . p]; : p]; pi" ;p, € prime; j € N (5.2)
L

Pre vypocet sigma pouzijeme vztah: / To calculate sigma we use the equation:
reference (11):

p

r

2 3 i
o(r) = n a+ P, + P, + P, +...pi]l) —-r (5.3)

pE prime

example(1):

p=2-1=7

r=2".7=128

0(28) =1+2+4+7+ 14 = 28

0(28) =(1+2 +2°) (7+1)— 28 =78 — 28 = 28; 6(28) = 28; true
p = 7 is Mersenne prime.

Algorithm for Mersenne primes:

1. find k = prime number forp = 2"~ 1

0

2. calculate - “r’, equation (5.0)

3. decompose - “r’, equation (5.2)

11
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4. calculate o(r), equation (5.3)
5. if o(r) = ris true, then p is Mersenne prime.

B) Special primesp = 2"+ 1:
Pre Specialne prvocisla by malo platit:

Robopol theorem:

r = Zk_l(zk + 1), where 2k + 1 is special prime, (5.4)
then the equation applies:
or)+2=r (5.5)

Pre vypocet sigma pouzijeme vztah (5.3): / To calculate sigma we use the
equation (5.3).

example(1):
p = 2+1=5
r=2".5=10

020) =(1+2')- (5+1)-10=3-6—10 =8
o(r) +2=r; 8+ 2 =10; true; p = 5is aspecial prime.

example(2):
p=2"+1=17
r=2"-17 = 136

6(136) = (1 +2 +2°+2°)- (17 + 1) — 136 = 15 - 18 — 136 = 134
o(r) + 2 =r; 134 + 2 = 136; true; p = 17 is a special prime.

Mbzeme vytvorit tabulku Specialnych prvodisiel / We can create a table of
special prime numbers:

k

Pspeciar = 2 +1
P- k pspecial
1 2 5
2 4 17
3 8 257
4 16 65537

12
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5

Tab. no. 1 Special prime numbers

Algorithm for special primes:
=241

ecial

1. choose k; P,

calculate - “r’, equation (5.4)
decompose - “r", equation (5.2)
calculate o(r), equation (5.3)

if o(r) = r + 2 is true, then Pepecial is prime.

ok wh

Result:
Algoritmus nie je menej vypoc¢tovo naro¢ny ako klasicky algoritmus. / The algorithm is no
less computationally intensive than the classical algorithm.

Proof:
Rovnica (5.1) plati aj napr. pre p = 2! — 1 =2047/ Equation (5.1) also applies e.g. for
p = 2" — 1 =2047 (no Mersenne prime), 2047 = 23 - 89

calculate r:
r=2"" 2047 = 2096128
o(r) = (1 +2' +2°.+2'% - (2047 + 1) — 2096128 = 2047 - 2048 — 2096128 =

= 2096128
o(r) =r; true

Ak predpokladame, ze p=2047 je prvocislo dostaneme pre rovnicu (5.1) pravdu. / If we
assume that p = 2047 is a prime we get the truth for equation (5.1).

Rovnica (5.1), (5.5) plati pre lubovolné k € N./ Equation (5.1),(5.5) applies to any
k>2keN

Proof:

forip=2"-1k=2keN

perfect number “r’is r = 2k_1(2k - 1)

o) =(1+2 +2°.+27) (2" —1+1)- 272" - 1)=
= (14202 - 1)) 2" 22" - 1) =2" (2" - 1)

o(r) =, true

—+

forip=2"+1,k>2keN

r=2"(2"+1)

or)+2=r

o) = (1 + 2 425+ 2"_1)- (2k+ 1+1)- 2"_1(2"+ 1)+ 2=

13
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=(1+202" - 1))- (2" +2)-27(2" + 1)+2= 2"‘1(2" +1)
o(r) + 2 =, true

14
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>

7) pseudoprime numbers
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1 B Evidence of equivalent conditions for the Riemann Hypothesis

~ ~—
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